We consider the existence of positive solutions for the following first-order periodic boundary value problem:
Introduction
Consider the following periodic boundary value problem (PBVP for short):
x(n + 1) = x(n) − f n,x(n) , 0≤ n ≤ ω − 1,
where ω is a positive integer, f (n,x) is defined on Z × R and is ω-periodic with regard to n. In recent years, the existence of periodic solutions of boundary value problems for difference equations has been studied extensively, see, for example, [1, 2, 4, [6] [7] [8] . In [5] , Peng investigated the existence of positive solutions for the related differential boundary problem of PBVP (1.1) by applying a fixed point theorem in a cone. To the knowledge of the authors, there are very few works on the existence of positive solutions for PBVP (1.1) . In this paper, we establish a group of conditions to guarantee PBVP (1.1) to have positive solutions by applying the Krasnosel'skiȋ fixed point theorem in a cone.
Throughout this paper, we denote the product of y(n) from n = a to n=b by b n=a y(n) with the understanding that b n=a y(n) = 1 for all a > b, and we give some restricted conditions.
2 Existence of positive solutions of PBVPs
Preliminaries
Consider the following PBVP for first-order linear difference equation:
where r :
Note that the denominator in G(n,s) is not zero since 0 < r(n) < 1 for 0 ≤ n ≤ ω − 1. We can easily claim that the following lemma holds.
Lemma 2.1. For any sequence g, PBVP (2.1) has a unique solution
Then it is clear that C ω is a Banach space endowed the norm x = sup 0≤n≤ω−1 |x(n)|. For any u ∈ C ω , consider the following PBVP:
From Lemma 2.1, we will know that PBVP (2.5) has a unique solution
where
. Now, define a cone by
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By (2.5), it is easy to verify that u = u(n) ∈ C ω is a solution of (1.1) provided u is a fixed point of Φ.
Proof. It is easy to see that
From (2.8) and (2.9), we have, for x ∈ P,
(2.10)
Hence, ΦP ⊂ P. The proof is complete.
Lemma 2.3. Φ : P → P is completely continuous.
Proof. By (H2), for x, y ∈ C ω , and x − y < δ,
Hence, Φ is continuous. On the other hand, Φ is a bounded and finite-dimensional operator because of periodicity of x, r and f . Therefore, the operator Φ is completely continuous. The proof is complete.
Existence of positive solutions
To conclude this section, we introduce the definition of cone and the well-known Krasnosel'skiȋ fixed point theorem which will be needed in this paper.
Definition 3.1. Let X be a Banach space and let P be a closed, nonempty subset of X. P is a cone if (i) αx + βy ∈ P for all x, y ∈ P and all α,β ≥ 0; (ii) x,−x ∈ P imply x = 0. 
Then PBVP (1.1) has at least one positive solution.
Proof. Suggest that, without loss of generality, M < σ −1 N, we define
and
Next, we define
By Lemma 3.2, Φ has a positive fixed point u(n) with u(n) ≥ σM > 0, and u(n) is a positive solution of PBVP (1.1). This completes the proof.
Corollary 3.4. Assume that (H1) and (H2) hold, and that there exist two positive numbers M N such that
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Corollary 3.
Assume that (H1) and (H2) hold, and that
Similar to the proof of Theorem 3.3, we also have the following theorem (Theorem 3.6).
Theorem 3.6. Assume that (H1) and (H2) hold, and that there exist two positive numbers d, h with
Then PBVP (1.1) has at least one positive solution. 
Theorem 3.7. Assume that (H1) and (H2) hold, and that the following condition holds:
(H3) for 0 ≤ a ≤ x ≤ b, 0 ≤ n ≤ ω − 1, f (n,b) ≤ f (n,x) ≤ f (n,a).
If the inequalities
(3.14)
6 Existence of positive solutions of PBVPs
and Proof. We have (3.18) which implies that (3.12) hold. This complete the proof. 
Multiplicity of positive solutions
and there exists a p > 0 such that σ p < x < p implies that
then PBVP (1.1) has at least two positive solutions.
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Proof. By (4.1), there exist R 1 > 0, R 2 > 0 (R 1 is small enough, and R 2 is large enough, 
